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Training von MLPs: Gradientenabstieg

Rudolf Kruse, Alexander Dockhorn Neuronale Netze 3

Problem der logistischen regression: Funktioniert nur f¬ur zweischichtige Perzep-
tren.

Allgemeinerer Ansatz:Gradientenabstieg.

Notwendige Bedingung:di! erenzierbare Aktivierungs- und Ausgabefunk-
tionen.
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Algorithmus-Skizze (online)
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Eingabe, Vorwärtsberechnung der Aktivierungen und Ausgabe:

Fehlerberechnung und Rückübertragung (Backpropagation):

mit Ableitung der Aktivierungsfunktion

Berechnung der Gewichtsänderung und Update

für jedes Trainingsbeispiel

bis Stopkriterium erreicht

wiederhole:

gegeben: MLP mit , Lernrate , Trainingsbeispiele
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l = (!ı (l), !o (l)) ! Lfixed
G = (U,C)
Lfixed
procedure online gradient descent (var !w, var " , L,#);
var y, e; (* Ausgabe, Fehlersumme *)
begin

repeat
e := 0; (* initialisiere Fehlersumme *)
for all (!x, o) ! L do begin (* durchlaufe Trainingsmuster*)

if ( !w!x " " ) then y := 1; (* berechne Ausgabe*)
else y := 0; (* des Schwellenwertelements *)

if (y #= o) then begin (* Falls Ausgabe falsch *)
" := " $ #(o $ y); (* passe Schwellenwert *)
!w := !w + #(o $ y)!x; (* und Gewichte an *)
e := e + |o $ y|; (* summiere die Fehler*)

end;
end;

until (e % 0); (* wiederhole die Berechnungen*)
end; (* bis der Fehler verschwindet*)
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Gradientenabstieg f¬ur die Negation Âx
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Visualisierung des Gradientenabstiegs für die Negation ¬x
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Das Training ist o↵ensichtlich erfolgreich.

Der Fehler kann nicht vollständig verschwinden, bedingt durch die Eigenschaften
der logistischen Funktion.

Beim Online-Training kann es zu starkem Rauschen in den Gradienten kommen.

Beim Batch-Training besteht höhere Gefahr, in lokalen Minima stecken zu bleiben.

Allgemeine Praxis: Mini-Batch-Training



• subset of the terms of the full cost function
• larger batches more accurate

(less than linear return)
• compute power underutilized if too small
• memory often limiting factor
• power-of-2 sizes preferred on GPUs
• selected randomly, independent samples

11

Minibatch Learning



• samples drawn i.i.d from data generating dist.

• guaranteed to converge if                 and 

• decrease learning rate over time

12

SGD

CHAPTER 8. OPTIMIZATION FOR TRAINING DEEP MODELS

8.3 Basic Algorithms

We have previously introduced the gradient descent (Sec. ) algorithm that4.3
follows the gradient of an entire training set downhill. This may be accelerated
considerably by using stochastic gradient descent to follow the gradient of randomly
selected minibatches downhill, as discussed in Sec. and Sec. .5.9 8.1.3

8.3.1 Stochastic Gradient Descent

Stochastic gradient descent (SGD) and its variants are probably the most used
optimization algorithms for machine learning in general and for deep learning in
particular. As discussed in Sec. , it is possible to obtain an unbiased estimate8.1.3
of the gradient by taking the average gradient on a minibatch of m examples drawn
i.i.d from the data generating distribution.

Algorithm shows how to follow this estimate of the gradient downhill.8.1

Algorithm 8.1 Stochastic gradient descent (SGD) update at training iteration k

Require: Learning rate k.
Require: Initial parameter θ

while dostopping criterion not met
Sample a minibatch of m examples from the training set {x(1), . . . ,x ( )m } with
corresponding targets y( )i .
Compute gradient estimate: ĝ ← + 1

m∇θ


i L f( (x( )i ; )θ , y( )i )

Apply update: θ θ← − ĝ
end while

A crucial parameter for the SGD algorithm is the learning rate. Previously, we
have described SGD as using a fixed learning rate . In practice, it is necessary to
gradually decrease the learning rate over time, so we now denote the learning rate

at iteration ask k.

This is because the SGD gradient estimator introduces a source of noise (the
random sampling of m training examples) that does not vanish even when we arrive
at a minimum. By comparison, the true gradient of the total cost function becomes
small and then 0 when we approach and reach a minimum using batch gradient
descent, so batch gradient descent can use a fixed learning rate. A sufficient
condition to guarantee convergence of SGD is that

∞

k=1

k = and∞, (8.12)
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This is because the SGD gradient estimator introduces a source of noise (the
random sampling of m training examples) that does not vanish even when we arrive
at a minimum. By comparison, the true gradient of the total cost function becomes
small and then 0 when we approach and reach a minimum using batch gradient
descent, so batch gradient descent can use a fixed learning rate. A sufficient
condition to guarantee convergence of SGD is that

∞

k=1

k = and∞, (8.12)
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∞

k=1

2k < .∞ (8.13)

In practice, it is common to decay the learning rate linearly until iteration :τ

k = (1 )− α 0 + ατ (8.14)

with α = k
τ . After iteration , it is common to leave constant.τ 

The learning rate may be chosen by trial and error, but it is usually best

to choose it by monitoring learning curves that plot the objective function as a

function of time. This is more of an art than a science, and most guidance on this

subject should be regarded with some skepticism. When using the linear schedule,

the parameters to choose are 0 , τ, and τ . Usually τ may be set to the number of

iterations required to make a few hundred passes through the training set. Usually

τ should be set to roughly the value of1% 0. The main question is how to set 0 .
If it is too large, the learning curve will show violent oscillations, with the cost

function often increasing significantly. Gentle oscillations are fine, especially if

training with a stochastic cost function such as the cost function arising from the

use of dropout. If the learning rate is too low, learning proceeds slowly, and if the

initial learning rate is too low, learning may become stuck with a high cost value.

Typically, the optimal initial learning rate, in terms of total training time and the

final cost value, is higher than the learning rate that yields the best performance

after the first 100 iterations or so. Therefore, it is usually best to monitor the first

several iterations and use a learning rate that is higher than the best-performing

learning rate at this time, but not so high that it causes severe instability.

The most important property of SGD and related minibatch or online gradient-

based optimization is that computation time per update does not grow with the

number of training examples. This allows convergence even when the number

of training examples becomes very large. For a large enough dataset, SGD may

converge to within some fixed tolerance of its final test set error before it has

processed the entire training set.

To study the convergence rate of an optimization algorithm it is common to

measure the excess error J (θ)−minθ J (θ), which is the amount that the current

cost function exceeds the minimum possible cost. When SGD is applied to a convex

problem, the excess error is O ( 1√
k
) after k iterations, while in the strongly convex

case it is O( 1k). These bounds cannot be improved unless extra conditions are

assumed. Batch gradient descent enjoys better convergence rates than stochastic

gradient descent in theory. However, the Cramér-Rao bound ( , ; ,Cramér 1946 Rao

1945) states that generalization error cannot decrease faster than O(1k ). Bottou
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„For many years, most practitioners believed that 
local minima were a common problem plaguing 
neural network optimization. Today, that does not 
appear to be the case. The problem remains an 
active area of research, but experts now suspect 
that, for sufficiently large neural networks, 
most local minima have a low cost function value, 
and that it is not important to find a true global 
minimum rather than to find a point in parameter 
space that has low but not minimal cost.“

14

Local Minima

http://deeplearningbook.org

http://deeplearningbook.org/


• saddle points
– local min and local max w.r.t. different views
– expected to be more common than local minima 

in high-dimensional cost functions
– gradient descent empirically seems to be able to 

escape saddle points in many cases
• flat regions of constant value

– very problematic for all numerical opt. methods

15

Plateaus, Saddle Points 
and Other Flat Regions
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Beispielfunktion: f (x) =
5
6
x4 ! 7x3 +

115
6

x2 ! 18x + 6,

i xi f (xi ) f "(xi ) ! xi

0 0.200 3.112 ! 11.147 0.011
1 0.211 2.990 ! 10.811 0.011
2 0.222 2.874 ! 10.490 0.010
3 0.232 2.766 ! 10.182 0.010
4 0.243 2.664 ! 9.888 0.010
5 0.253 2.568 ! 9.606 0.010
6 0.262 2.477 ! 9.335 0.009
7 0.271 2.391 ! 9.075 0.009
8 0.281 2.309 ! 8.825 0.009
9 0.289 2.233 ! 8.585 0.009

10 0.298 2.160

6

5

4

3

2

1

0
0 1 2 3 4

Gradientenabstieg mit Startwert0.2 und Lernrate0.001.
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Beispielfunktion: f (x) =
5
6
x4 ! 7x3 +

115
6

x2 ! 18x + 6,

i xi f (xi ) f "(xi ) ! xi

0 0.200 3.112 ! 11.147 0.011
1 0.211 2.990 ! 10.811 0.011
2 0.222 2.874 ! 10.490 0.010
3 0.232 2.766 ! 10.182 0.010
4 0.243 2.664 ! 9.888 0.010
5 0.253 2.568 ! 9.606 0.010
6 0.262 2.477 ! 9.335 0.009
7 0.271 2.391 ! 9.075 0.009
8 0.281 2.309 ! 8.825 0.009
9 0.289 2.233 ! 8.585 0.009

10 0.298 2.160

6

5

4

3

2

1

0
0 1 2 3 4

Gradientenabstieg mit Startwert0.2 und Lernrate0.001.

Gradientenabstieg: Beispiele
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Beispielfunktion: f(x) =
5

6
x4 � 7x3 +

115

6
x2 � 18x + 6,

i xi f(xi) f 0(xi) �xi
0 1.500 2.719 3.500 �0.875
1 0.625 0.655 �1.431 0.358
2 0.983 0.955 2.554 �0.639
3 0.344 1.801 �7.157 1.789
4 2.134 4.127 0.567 �0.142
5 1.992 3.989 1.380 �0.345
6 1.647 3.203 3.063 �0.766
7 0.881 0.734 1.753 �0.438
8 0.443 1.211 �4.851 1.213
9 1.656 3.231 3.029 �0.757
10 0.898 0.766

6

5

4

3

2

1

0
0 1 2 3 4

start

Gradientenabstieg mit Startwert 1.5 und Lernrate 0.25.
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Beispielfunktion: f (x) =
5
6
x4 ! 7x3 +

115
6

x2 ! 18x + 6,

i xi f (xi ) f "(xi ) ! xi

0 2.600 3.816 ! 1.707 0.085
1 2.685 3.660 ! 1.947 0.097
2 2.783 3.461 ! 2.116 0.106
3 2.888 3.233 ! 2.153 0.108
4 2.996 3.008 ! 2.009 0.100
5 3.097 2.820 ! 1.688 0.084
6 3.181 2.695 ! 1.263 0.063
7 3.244 2.628 ! 0.845 0.042
8 3.286 2.599 ! 0.515 0.026
9 3.312 2.589 ! 0.293 0.015

10 3.327 2.585

6

5

4

3

2

1

0
0 1 2 3 4

Gradientenabstieg mit Startwert2.6 und Lernrate0.05.#$ %&'()&* #$ +,-+ $%*.%/0&*')102)03$%40
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• especially common in RNNs
• remedy: gradient clipping

(keep direction but limit step size)

18

Exploding Gradients

CHAPTER 8. OPTIMIZATION FOR TRAINING DEEP MODELS












Figure 8.3: The objective function for highly nonlinear deep neural networks or for
recurrent neural networks often contains sharp nonlinearities in parameter space resulting
from the multiplication of several parameters. These nonlinearities give rise to very
high derivatives in some places. When the parameters get close to such a cliff region, a
gradient descent update can catapult the parameters very far, possibly losing most of the
optimization work that had been done. Figure adapted with permission from Pascanu
et al. ( ).2013a

The cliff can be dangerous whether we approach it from above or from below,
but fortunately its most serious consequences can be avoided using the gradient

clipping heuristic described in Sec. . The basic idea is to recall that the10.11.1
gradient does not specify the optimal step size, but only the optimal direction
within an infinitesimal region. When the traditional gradient descent algorithm
proposes to make a very large step, the gradient clipping heuristic intervenes to
reduce the step size to be small enough that it is less likely to go outside the region
where the gradient indicates the direction of approximately steepest descent. Cliff
structures are most common in the cost functions for recurrent neural networks,
because such models involve a multiplication of many factors, with one factor
for each time step. Long temporal sequences thus incur an extreme amount of
multiplication.

8.2.5 Long-Term Dependencies

Another difficulty that neural network optimization algorithms must overcome arises
when the computational graph becomes extremely deep. Feedforward networks
with many layers have such deep computational graphs. So do recurrent networks,
described in Chapter , which construct very deep computational graphs by10
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Gradientenabstieg: Varianten

Rudolf Kruse, Alexander Dockhorn Neuronale Netze 20

Gewichts-Updateregel:

w(t + 1) = w(t) + �w(t)

Standard-Backpropagation:

�w(t) = �⌘

2
rwe(t)

Manhattan-Training:

�w(t) = �⌘ sgn(rwe(t))

d.h. es wird nur die Richtung (Vorzeichen) der¬Anderung beachtet und eine feste
Schrittweite gew¬ahlt

Moment-Term:

�w(t) = �⌘

2
rwe(t) + � �w(t � 1),

d.h. bei jedem Schritt wird noch ein gewisser Anteil des vorherigen¬Anderungsschritts
mit ber¬ucksichtigt, was zu einer Beschleunigung f¬uhren kann
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Epoche ! w Fehler

0 3.00 3.50 1.295
20 3.76 2.20 0.985
40 3.70 1.82 0.970
60 3.48 1.53 0.957
80 3.11 1.25 0.934

100 2.49 0.88 0.880
120 1.27 0.22 0.676
140 ! 0.21 ! 1.04 0.292
160 ! 0.86 ! 2.08 0.140
180 ! 1.21 ! 2.74 0.084
200 ! 1.45 ! 3.19 0.058
220 ! 1.63 ! 3.53 0.044

ohne Momentterm

Epoche ! w Fehler

0 3.00 3.50 1.295
10 3.80 2.19 0.984
20 3.75 1.84 0.971
30 3.56 1.58 0.960
40 3.26 1.33 0.943
50 2.79 1.04 0.910
60 1.99 0.60 0.814
70 0.54 ! 0.25 0.497
80 ! 0.53 ! 1.51 0.211
90 ! 1.02 ! 2.36 0.113

100 ! 1.31 ! 2.92 0.073
110 ! 1.52 ! 3.31 0.053
120 ! 1.67 ! 3.61 0.041

mit Momentterm
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ohne Momentterm
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1
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1

Punkte zeigen die Position alle 20 (ohne Momentterm)
oder alle zehn Epochen (mit Momentterm).

Lernen mit Momentterm ist ungef¬ahr doppelt so schnell.
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Beispielfunktion: f (x) =
5
6
x4 ! 7x3 +

115
6

x2 ! 18x + 6,

i xi f (xi ) f "(xi ) ! xi

0 0.200 3.112 ! 11.147 0.011
1 0.211 2.990 ! 10.811 0.021
2 0.232 2.771 ! 10.196 0.029
3 0.261 2.488 ! 9.368 0.035
4 0.296 2.173 ! 8.397 0.040
5 0.337 1.856 ! 7.348 0.044
6 0.380 1.559 ! 6.277 0.046
7 0.426 1.298 ! 5.228 0.046
8 0.472 1.079 ! 4.235 0.046
9 0.518 0.907 ! 3.319 0.045

10 0.562 0.777

6

5

4

3

2

1

0
0 1 2 3 4

Gradientenabstieg mit Momentterm(! = 0.9)
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Previously, the sizeof the step was simply the norm of the gradient multiplied
by the learning rate. Now, the size of the step depends on how large and how
aligned a sequence of gradients are. The step sizeis largest when many successive
gradients point in exactly the samedirection. If the momentum algorithm always
observesgradient g, then it will acceleratein the direction of ! g , until reaching a
terminal velocity where the sizeof each step is

! || ||g
1 ! "

. (8.17)

It is thus helpful to think of the momentum hyperparameter in terms of 1
1! ! . For

example," = .9 corresponds to multiplying the maximum speedby relative to10
the gradient descent algorithm.

Common valuesof " usedin practice include .5, .9, and .99. Like the learning
rate, " may also be adapted over time. Typically it beginswith a small value and
is later raised. It is lessimportant to adapt " over time than to shrink ! over time.

Algorithm 8.2 Stochastic gradient descent(SGD) with momentum

Require: Learning rate , momentum parameter .! "
Require: Initial parameter , initial velocity .! v

while dostopping criterion not met
Samplea minibatch of m examplesfrom the training set { x(1), . . . , x ( )m } with
corresponding targets y ( )i .
Compute gradient estimate: g " 1

m # !
!

i L f( (x ( )i ; )! , y( )i )
Compute velocity update: v v g" " ! !
Apply update: ! ! v" +

end while

We can view the momentum algorithm as simulating a particle subject to
continuous-time Newtonian dynamics. The physical analogy can help to build
intuition for how the momentum and gradient descent algorithms behave.

The position of the particle at any point in time is given by ! (t ). The particle
experiencesnet force . This force causesthe particle to accelerate:f ( )t

f ( )!=t
#2

#t2 ! ( )t . (8.18)

Rather than viewing this as a second-orderdi! erential equation of the position,
we can introduce the variable v(t) representingthe velocity of the particle at time
t and rewrite the Newtonian dynamics as a " rst-order di! erential equation:

v( )!=t
#
#t

! ( )t , (8.19)
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! ! !30 20 10 0 10 20
! 30

! 20

! 10

0

10

20

Figure 8.5: Momentum aims primarily to solve two problems: poor conditioning of the
Hessianmatrix and variance in the stochastic gradient. Here, we illustrate how momentum
overcomesthe ! rst of these two problems. The contour lines depict a quadratic loss
function with a poorly conditioned Hessianmatrix. The red path cutting acrossthe
contours indicates the path followed by the momentum learning rule as it minimizes this
function. At eachstep along the way, we draw an arrow indicating the step that gradient
descent would take at that point. We can seethat a poorly conditioned quadratic objective
looks like a long, narrow valley or canyon with steepsides. Momentum correctly traverses
the canyon lengthwise, while gradient stepswaste time moving back and forth acrossthe
narrow axis of the canyon. Compare also Fig. , which shows the behavior of gradient4.6
descent without momentum.
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Momentum: Further Reading

https://distill.pub/2017/momentum/


ML Grundlagen:
Bias, Variance & Regularisierung
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Under- vs. Overfitting

How to improve generalization performance?
• underfitting: more training or increase model capacity
• overfitting: less training or decrease model capacity

[scikit-learn docs]
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Anzahl versteckter Neuronen
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Prinzip des Trainings- und Validierungsdatenansatzes:

UnderÞtting: Ist die Anzahl an versteckten Neuronen zu gering, ist das MLP
of nicht in der Lage, die Abh¬angigkeit zwischen Ein- und Ausgabedaten pr¬azise
genug darzustellen, da hierf¬ur weitere Parameter ben¬otigt werden.

OverÞtting: Mit einer zu gro§en Anzahl an Neuronen (zur Verf¬ugung stehen-
den Parametern) stellt das MLP nicht nur die Abh¬angigkeit zwischen Ein- und
Ausgabedaten dar, sondern auch ungew¬unschte nebens¬achliche Zusammenh¬ange
des Trainingsdatensatzes.

OverÞtting f¬uhrt meistens zu einem im Vergleich zum Trainingsdatensatzgr¬o§eren
Fehler auf dem Validierungsdaten. Der Grund hierf¬ur sind die wahrscheinlich leicht
anderen zuf¬alligen Zusammenh¬ange im Validierungsdatensatz.

OverÞtting kann durch die geeignete Wahl an versteckten Neuronen bez¬uglich
eines minimalen Fehlers auf den Validierungsdaten vermieden werden.
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Anzahl versteckter Neuronen: Kreuzvalidierung

Rudolf Kruse, Alexander Dockhorn Neuronale Netze 30

Die beschriebene Methode zur Aufteilung der Daten in Trainings- und Validierungs-
daten wird manchmal auch Kreuzvalidierung genannt.

Typischer ist jedoch die folgende Beschreibung von Kreuzvalidierung:

Der vorhandene Datensatz wird inn gleichgro§e Teile aufgeteilt.
(n-fache Kreuzvalidierung)

Ist die Ausgabe nominal (auch symbolisch oder kategorisch genannt), wird die
Aufteilung so vorgenommen, dass die relative Anzahl der Ausgabewerte konstant
¬uber die Anzahl der Teildatens¬atze ist.
Dieses Vorgehen wird auch StratiÞkation genannt.

Aus diesenn Teildatens¬atzen werdenn Trainings- und Validierungsdatenpaare
geformt indem jeweilsn ! 1 Teildatens¬atze den Trainingsdatensatz bilden und
der ¬ubrige Teildatensatz zur Evaluierung verwendet wird.
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CHAPTER 7. REGULARIZA TION FOR DEEP LEARNING

7.1 Parameter Norm Penalties

Regularization hasbeenusedfor decadesprior to the advent of deeplearning. Linear
modelssuchaslinear regressionand logistic regressionallow simple, straightforward,
and e! ective regularization strategies.

Many regularization approachesare basedon limiting the capacity of models,
such as neural networks, linear regression,or logistic regression,by adding a pa-
rameter norm penalty ! (! ) to the objective function J . We denotethe regularized
objective function by ÷J :

÷J , J , !( ;! X y)"= " ( ;! X y) + ! ( )! (7.1)

where ! ! [0, " ) is a hyperparameter that weights the relative contribution of
the norm penalty term, , relative to the standard objective function! J (x ; ! ).
Setting ! to 0 results in no regularization. Larger valuesof ! correspond to more
regularization.

When our training algorithm minimizes the regularizedobjective function ÷J it
will decreaseboth the original objective J on the training data and somemeasure
of the size of the parameters ! (or somesubset of the parameters). Di! erent
choicesfor the parameter norm can result in di! erent solutions being preferred.!
In this section, we discussthe e! ects of the various norms when usedas penalties
on the model parameters.

Before delving into the regularization behavior of di! erent norms, we note that
for neural networks, we typically chooseto usea parameter norm penalty that!
penalizesonly the weights of the a" ne transformation at each layer and leaves
the biasesunregularized. The biasestypically require lessdata to #t accurately
than the weights. Each weight speci#eshow two variables interact. Fitting the
weight well requires observing both variables in a variety of conditions. Each
bias controls only a single variable. This meansthat we do not induce too much
varianceby leaving the biasesunregularized. Also, regularizing the bias parameters
can introduce a signi#cant amount of under#tting. We therefore usethe vector w
to indicate all of the weights that should be a! ected by a norm penalty, while the
vector ! denotesall of the parameters,including both w and the unregularized
parameters.

In the context of neural networks, it is sometimesdesirableto usea separate
penalty with a di! erent ! coe" cient for each layer of the network. Becauseit can
be expensive to search for the correct value of multiple hyperparameters,it is still
reasonableto use the sameweight decayat all layers just to reducethe sizeof
search space.
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CHAPTER 7. REGULARIZA TION FOR DEEP LEARNING

w 1

w
2

w !

÷w

Figure 7.1: An illustration of the e! ect of L 2 (or weight decay) regularization on the value
of the optimal w. The solid ellipsesrepresent contours of equal value of the unregularized
objective. The dotted circles representcontours of equal value of the L2 regularizer. At
the point ÷w, these competing objectives reach an equilibrium. In the " rst dimension, the
eigenvalue of the Hessianof J is small. The objective function does not increasemuch
when moving horizontally away from w ! . Becausethe objective function doesnot express
a strong preferencealong this direction, the regularizer has a strong e! ect on this axis.
The regularizer pulls w1 closeto zero. In the seconddimension, the objective function
is very sensitive to movements away from w! . The corresponding eigenvalue is large,
indicating high curvature. As a result, weight decaya! ects the position of w2 relatively
little.

Only directions along which the parameterscontribute signi! cantly to reducing
the objective function are preservedrelatively intact. In directions that do not
contribute to reducing the objective function, a small eigenvalue of the Hessian
tells us that movement in this direction will not signi! cantly increasethe gradient.
Components of the weight vector correspondingto such unimportant directions
are decayed away through the useof the regularization throughout training.

So far we have discussedweight decayin terms of its e" ect on the optimization
of an abstract, general, quadratic cost function. How do thesee" ects relate to
machine learning in particular? We can ! nd out by studying linear regression,a
model for which the true cost function is quadratic and therefore amenableto the
samekind of analysiswe have usedso far. Applying the analysisagain, we will
be able to obtain a special caseof the sameresults, but with the solution now
phrasedin terms of the training data. For linear regression,the cost function is

233

!"#$#

% &#'()*+#,-)($.#-!#*."/,

% !#*."/,-($#-.$(01())2-
0$*3#'-/4!($0,-/"#-4$*.*'

56

!"#$%&'()*+,)-+./# )010)0#2%+&3-#4%5)6

CHAPTER 7. REGULARIZA TION FOR DEEP LEARNING

7.1 Parameter Norm Penalties

Regularization hasbeenusedfor decadesprior to the advent of deeplearning. Linear
modelssuchaslinear regressionand logistic regressionallow simple, straightforward,
and e! ective regularization strategies.

Many regularization approachesare basedon limiting the capacity of models,
such as neural networks, linear regression,or logistic regression,by adding a pa-
rameter norm penalty ! (! ) to the objective function J . We denotethe regularized
objective function by ÷J :

÷J , J , !( ;! X y)"= " ( ;! X y) + ! ( )! (7.1)

where ! ! [0, " ) is a hyperparameter that weights the relative contribution of
the norm penalty term, , relative to the standard objective function! J (x ; ! ).
Setting ! to 0 results in no regularization. Larger valuesof ! correspond to more
regularization.

When our training algorithm minimizes the regularizedobjective function ÷J it
will decreaseboth the original objective J on the training data and somemeasure
of the size of the parameters ! (or somesubset of the parameters). Di! erent
choicesfor the parameter norm can result in di! erent solutions being preferred.!
In this section, we discussthe e! ects of the various norms when usedas penalties
on the model parameters.

Before delving into the regularization behavior of di! erent norms, we note that
for neural networks, we typically chooseto usea parameter norm penalty that!
penalizesonly the weigh ts of the a" ne transformation at each layer and leaves
the biasesunregularized. The biasestypically require lessdata to #t accurately
than the weights. Each weight speci#eshow two variables interact. Fitting the
weight well requires observing both variables in a variety of conditions. Each
bias controls only a single variable. This meansthat we do not induce too much
varianceby leaving the biasesunregularized. Also, regularizing the bias parameters
can introduce a signi#cant amount of under#tting. We therefore usethe vector w
to indicate all of the weights that should be a! ected by a norm penalty, while the
vector ! denotesall of the parameters,including both w and the unregularized
parameters.

In the context of neural networks, it is sometimesdesirableto usea separate
penalty with a di! erent ! coe" cient for each layer of the network. Becauseit can
be expensive to search for the correct value of multiple hyperparameters,it is still
reasonableto use the sameweight decayat all layers just to reducethe sizeof
search space.
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7.1.1 L2 Parameter Regularization

We have already seen,in Sec. , one of the simplest and most common kinds5.2.2
of parameter norm penalty: the L 2 parameter norm penalty commonly known as
weight decay. This regularization strategy drivesthe weights closerto the origin1

by adding a regularization term ! (! ) = 1
2! !w 2

2 to the objective function. In
other academiccommunities, L2 regularization is alsoknown as ridge regressionor
Tikhonov regularization.

We can gain someinsight into the behavior of weight decay regularization
by studying the gradient of the regularized objective function. To simplify the
presentation, we assumeno bias parameter, so! is just w. Such a model has the
following total objective function:

÷J ,( ;w X y)"=
!
2

w! w w X y+ (J ; , ), (7.2)

with the correspondingparameter gradient

" w ÷J , !( ;w X y)"= " w + " w J , .( ;w X y) (7.3)

To take a single gradient step to update the weights, we perform this update:

w w w# $ " !( + " w J , .( ;w X y)) (7.4)

Written another way, the update is:

w w# $(1 "! ) $ "" w J , .( ;w X y) (7.5)

We can seethat the addition of the weight decay term has modi! ed the learning
rule to multiplicativ ely shrink the weight vector by a constant factor on eachstep,
just beforeperforming the usual gradient update. This describeswhat happensin
a single step. But what happensover the entire courseof training?

We will further simplify the analysis by making a quadratic approximation
to the objective function in the neighborhood of the value of the weights that
obtains minimal unregularizedtraining cost, w" = argminw J(w). If the objective
function is truly quadratic, as in the caseof ! tting a linear regressionmodel with

1 More generally, we could regularize the parameters to be near any speci! c point in space
and, surprisingly , still get a regularization e" ect, but better results will be obtained for a value
closer to the true one, with zero being a default value that makes sensewhen we do not know if
the correct value should be positive or negative. Since it is far more common to regularize the
model parameters towards zero, we will focus on this special casein our exposition.
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CHAPTER 7. REGULARIZA TION FOR DEEP LEARNING

the sum of squarederrors:

( )X w y! ! ( )X w y! . (7.14)

When we add L 2 regularization, the objective function changesto

( )X w y! ! ( ) +X w y!
1
2
! w ! w . (7.15)

This changesthe normal equations for the solution from

w X= !( ! X )" 1X ! y (7.16)

to
w X= !( ! X I+ ! )" 1X ! y . (7.17)

The matrix X ! X in Eq. is proportional to the covariance matrix7.16 1
m X ! X .

Using L 2 regularization replacesthis matrix with
!
X ! X I+ !

"" 1
in Eq. .7.17

The new matrix is the sameas the original one, but with the addition of ! to the
diagonal. The diagonal entries of this matrix correspond to the variance of each
input feature. We can seethat L2 regularization causesthe learning algorithm
to ÒperceiveÓthe input X as having higher variance, which makesit shrink the
weights on featureswhosecovariance with the output target is low comparedto
this added variance.

7.1.2 L1 Regularization

While L 2 weight decay is the most common form of weight decay, there are other
ways to penalizethe sizeof the model parameters. Another option is to use L 1

regularization.

Formally, L 1 regularization on the model parameter is defined as:w

" ( )!= !θ || ||w 1 =
#

i

|wi |, (7.18)

that is, as the sum of absolute values of the individual parameters.2 We will
now discussthe effect of L1 regularization on the simple linear regressionmodel,
with no bias parameter, that we studied in our analysisof L2 regularization. In
particular, we are interested in delineating the differencesbetweenL 1 and L 2 forms

2As with L2 regularization, we could regularize the parameters towards a value that is not

zero, but instead towards some parameter value w
( )o . In that case the L1 regularization would

introduce the term Ω( ) = θ || −w w
( )o ||1 =


i |wi−w

( )o
i |.
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where

• encourages sparsity
• feature selection 

mechanism 
(features with weight 
0 can be discarded)
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7.1 Parameter Norm Penalties

Regularization has been used for decades prior to the advent of deep learning. Linear
models such as linear regression and logistic regression allow simple, straightforward,
and effective regularization strategies.

Many regularization approaches are based on limiting the capacity of models,
such as neural networks, linear regression, or logistic regression, by adding a pa-
rameter norm penalty ! (! ) to the objective function J . We denote the regularized

objective function by ÷J :

÷J , J , α( ;! X y)"= " ( ;! X y) + ! ( )! (7.1)

where α ∈ [0,∞) is a hyperparameter that weights the relative contribution of
the norm penalty term, , relative to the standard objective function! J (x ; ! ).
Setting α to 0 results in no regularization. Larger values of α correspond to more

regularization.

When our training algorithm minimizes the regularized objective function ÷J it
will decrease both the original objective J on the training data and some measure
of the size of the parameters ! (or some subset of the parameters). Different
choices for the parameter norm can result in different solutions being preferred.!
In this section, we discuss the effects of the various norms when used as penalties
on the model parameters.

Before delving into the regularization behavior of different norms, we note that
for neural networks, we typically choose to use a parameter norm penalty that!
penalizes only the weights of the affine transformation at each layer and leaves
the biases unregularized. The biases typically require less data to fit accurately
than the weights. Each weight specifies how two variables interact. Fitting the
weight well requires observing both variables in a variety of conditions. Each
bias controls only a single variable. This means that we do not induce too much
variance by leaving the biases unregularized. Also, regularizing the bias parameters

can introduce a significant amount of underfitting. We therefore use the vector w
to indicate all of the weights that should be affected by a norm penalty, while the
vector ! denotes all of the parameters, including both w and the unregularized
parameters.

In the context of neural networks, it is sometimes desirable to use a separate
penalty with a different α coefficient for each layer of the network. Because it can
be expensive to search for the correct value of multiple hyperparameters, it is still

reasonable to use the same weight decay at all layers just to reduce the size of
search space.
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Dropout

Christoph Doell, Rudolf Kruse Neuronale Netze 7

ohne Dropout

mit Dropout

Gew¬unschte Eigenschaft:
Robustheit bei Ausfall von Neuronen

Ansatz beim Lernen:
! Nutze nur p% der Neuronen (p < 50)

! W¬ahle diese zuf¬allig

Ansatz beim Anwenden:
! Nutze 100% der Neuronen

! Multipliziere alle Gewichte mit p

Ergebnis:
! Robustere Repr¬asentation

! Verbesserte Generalisierung

! Verringerte¬Uberanpassung
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30 Interpreting learning curves: High bias 
 

Suppose your dev error curve looks like this:  

 
 
 
 

 

 
We previously said that, if your dev error curve plateaus, you are unlikely to achieve the 

desired performance just by adding data.  

But it is hard to know exactly what an extrapolation of the red dev error curve will look like. 

If the dev set was small, you would be even less certain because the curves could be noisy. 

Suppose we add the training error curve to this plot and get the following:  

 

 
 
 
 
 
 
Now, you can be absolutely sure that adding more data will not, by itself, be sufficient. Why 

is that? Remember our two observations: 

Page 60 Machine Learning Yearning-Draft Andrew Ng 
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Rather, many features such as trajectory and pedestrian location are calculated first as
intermediate steps.

The main take-away from this section is that we should always be cautious of end-to-end
approaches in applications where huge data is hard to come by.

Bias-Variance Tradeoff

Splitting your data. In most deep learning problems, train and test come from different
distributions. For example, suppose you are working on implementing an AI powered
rearview mirror and have gathered 2 chunks of data: the first, larger chunk comes from
many places (could be partly bought, and partly crowdsourced) and the second, much
smaller chunk is actual car data.

In this case, splitting the data into train/dev/test can be tricky. One might be tempted to
carve the dev set out of the training chunk like in the first example of the diagram below.
(Note that the chunk on the left corresponds to data mined from the first distribution and
the one on the right to the one from the second distribution.)

Train Dev Test

Train Test-Dev TestTrain-Dev

Train TestDev

This is bad because we usually want our dev and test to come from the same
distribution. The reason for this is that because a part of the team will be spending a lot
of time tuning the model to work well on the dev set, if the test set were to turn out very
different from the dev set, then pretty much all the work would have been wasted effort.

Hence, a smarter way of splitting the above dataset would be just like the second line of
the diagram. Now in practice, Andrew recommends creating dev sets from both data
distributions: a train-dev and test-dev set. In this manner, any gap between the different
errors can help you tackle the problem more clearly.
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Human-level

Training set

Train-Dev

Test-Dev

Test

Bias

Variance

Train-Test mismatch

Overfitting of dev

Flowchart for working with a model. Given what we have described above, here’s a
simplified flowchart of the actions you should take when confronted with training/tuning
a DL model.

No

High Training Error
Bigger model
Train longer

New architecture

Yes

High Train-Dev Error
Regularization 

More Data
New architecture 

Yes

High Test-Dev Error
More data similar to

test
Data synthesis

New architecture

Yes

High Test Error

No

No
More dev data

Yes

Done

The importance of data synthesis. Andrew also stressed the importance of data
synthesis as part of any workflow in deep learning. While it may be painful to manually
engineer training examples, the relative gain in performance you obtain once the
parameters and the model fit well are huge and worth your while.
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• http://mlyearning.org/

• http://mlexplained.com/2018/04/24/overfittin
g-isnt-simple-overfitting-re-explained-with-
priors-biases-and-no-free-lunch/
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Further Reading
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